We study the spectral properties of a localized particle (a deep core level, or a heavy particle hopping in a solid), coupled to conduction electrons that are described by a marginal Fermi liquid hypotheris. Our main result is that, in lhis model, the core lwel line shape in an x-ray photoemission experiment shifls with temperature. m e spestmm we find is consistent with the decrease of the hopping rate with decreasing lemperature obtained by Zhaug CI al. In the presence of a distribution of energy levels for the hopping panicle, the temperature dependence of the hopping rate is found to be l ess pronounced. The observability of both the shifl in the x-ray photoemission s p e c t~m and the decrease of the hopping rale depends on the strength of the interaction. Our mugh estimate of the value of the interaction parameter indicates that lhe effect might be obsenrable in x-ray photoemission experiments
Introdudion
As is well known, the normal-state properties of high-temperature superconductors differ in many ways from those of classical superconductors. To describe these merences empirically, Varma et a1 [I,?.] recently introduced the marginal Fermi liquid (MFL) hypothesis, a phenomenological unsutz for the electronic polarizability. From this umutz, they can reproduce a large number of the characteristic features of the high-temperature superconductors. At present, though, a microscopic basis for this MFL hypothesis is lacking, nor is it clear to what extent the umutz can really be self-consistent.
In the absence of a theory, it is important to try to assess the range of validity of the MFL hypothesis as much as possible, by comparing its predictions with experiments. Recently, Zhang et uf [3] pointed out that the hopping of a localized particle that interacts with an MFL differs significantly from that of a particle interacting with an ordinary Fermi liquid (FL) : in an ~n , the hopping rate U goes down as the temperature is lowered, whereas in an FL it goes up with decreasing temperature. This is due to the vanishing of the quasi-particle spectral weight at the Fermi surface in the MFL umu~z, or, equivalently, due to the logarithmic divergence of the effective mass as T + 0 in an MFL In a metal, the probability of a particle hopping to a neighbouring site is lowered because of the interaction with the conduction electrons.
The overlap of the many-electron wave functions with the particle at different sites is smaller than unity-in fact it tends to zero for a large system, no matter how small the potential is (Anderson's orthogonality catastrophe [7] ). In a normal metal, this effect gives rise to a power law divergence of the hopping rate U with temperature.
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However, according to the results of Zhang et a1 [3] , for an MFL U strongly decreases at low temperatures.
Another problem which is connected with the orthogonality catastrophe is the x-ray edge effect. In x-ray photoemission (we use the common abbreviation XPS, for x-ray photoelectron spectroscopy), the core electron that is shot out of the material with the x-rays leaves a positive hole. The change in the potentia! is similar to that in the hopping problem, and in this case the photoemission line shape is determined by the overlap of the many-electron wave functions with and without the hole. The resulting theoretical XPS line shape is very asymmetrical and falls off on one side as a power law of the energy of the outcoming electron. In practice, lifetime broadening reduces the asymmetry of the l i e shape [lo] .
Given the similarity of the hopping problem and the x-ray problem, the results of Zhang et a2 [3] lead one to suspect that interesting differences exist in the XPS line shape depending on whether the core hole interacts with an FL or with an MFL It is the purpose of this paper to investigate whether this is indeed the case, and to assess the feasibility of measuring these differences experimentally. As we shall see, the power law behaviour in the XPS line shape is suppressed in the case of an MFL, whie the position of the peak acquires an interesting temperature dependence which is not found for an FL Whether this temperature dependence can be seen experimentally, however, depends sensitively on the parameters, in particular the strength of the interaction: our results indicate that for small interaction strength, the anomalous temperature dependence of the hopping rate predicted by Zhang et a1 [3] should be measurable but the temperature dependence of the XPs peak will be dimcult to observe; for larger interaction parameters, however, the situation is reversed: the latter effect is then more likely to be measurable than the former.
In XPS, the electrons come out of the material with different kinetic energies, large enough that there are no final state interactions with the material. The x-ray energy is used to supply the binding energy of the core electron as well as the energy necessary for the creation of different amounts of electron-hole pairs, needed to overcome the orthogonality of the many-electron wave functions. One measures the distribution of outcoming kinetic energy, which is determined by the spectral function of the core hole, Ah(u). In the case of hopping, there is no freedom for the final energy of the particle, as it has to match the energy of the level at the neighbouring site. If the energies at different sites are the same, we have U a: Ah(0). If there is a distribution of levels, however, we have to average A,(w) over a certain energy (or frequency) interval. We shall see that such an averaging can affect the results for the hopping rather dramatically in the case of an MFL, since the decrease of U with decreasing temperature turns out to be related to a slight temperature dependent shift in the x-ray spectrum, not to a decrease of the maximum itself. As a result, upon averaging, the tendency of the hopping rate U to decrease with temperature is reduced. This sensitivity of the result to inhomogeneities could be relevant in the high-temperature superconductors.
It is important that both the hopping problem and the photoemission problem are determined by orthogonality alone, whereas other analogous local problems involve a competing singular effect. For example, in the case of x-ray absorption, the core electron does not leave the material; instead, there is a tendency to form a bound state with the core hole (the exciton effect, see e.g. Mahan [SI). However, in the absence of a microscopic theory for the MFL, the absorption cannot at present be studied with the MFL hypothesis. That non-Fermi liquid effects can also be important [lo] in terms of the expression for the electronic polarizability provided by the MFL hypothesis alone.
It is interesting to note that the important differences between the FL and the MFL spectra result from the differences in the electronic polarizability of the two cases. In principle, therefore, an experimental investigation of the spectrum allows one to test the essential part of the MFL hypothesis that the anomalous normal-state properties are associated with an anomalous electronic polarizability. Other theories of the normal-state behaviour, e.g. for the linear dependence of the resistivity with temperature, do not necessarily led to the same result.
In the next sections, we shall first calculate the theoretical line shapes for the MFL at different temperatures, and compare them to the ones for an FL After this, we will give a discussion of the observability of the predicted effects.
Formulation of the problem
There exist various formulations of both the hopping problem (46,131 and of manybody effects in x-ray spectroscopy [lo, 14, U]. We choose a formulation which involves the electronic polarizability in the frequency domain.
The model that we consider is that of a particle (the hopping particle or a corelevel electron) in a localized state coupled to the conduction electrons through an interaction potential V. The properties of the conduction electrons are assumed to he described by the M!X umurz for the electronic polarizahility P ( q , u ) . For both problems, the interaction is of the form V(q)a:+,ak, where uk and U! are creation and annihilation operators for the conduction electrons. For the hopping problem V ( q ) is the Fourier transform of the difference in the potential that the conduction electrons feel when the particle hops to a neighbouring site with the same energy, while for the x-ray problem V ( q ) is the effective potential that the conduction electrons experience when the core level is unoccupied [SI.
For the hopping problem, the hopping rate U between two levels of the same energy is given by [3] 
(1)
Here A is the tunnelling matrix element without any interaction and p ( t ) = (eix(R2)te-ix(Rl)t), where 'H(R,) is the interaction Hamiltonian with the hopping particle at site R, and X(&) the Hamiltonian when the particle is at site &. As usual, we take li = 1. In the case of photoemission, the relevant quantity is Ah(w), the spectral function of the core hole. This quantity directly determines the line shape, and is given by
where in this case p ( t ) = (eix*te-ix~u), with Hg the ground-state Hamiltonian (with the core level occupied) and X f the Hamiltonian with the core hole present [SI. The core hole Green function equals -io( t ) p ( t ) . In equation (Z), we measure the energy w relative to the energy in the absence of interaction with the conduction electrons; without these interactions, the spectral density is just a delta function at w = 0. The function p ( l ) is normally analysed by witing p ( t ) = eF(*) and calculating F ( t ) with the aid of a linked cluster expansion, F(t) = x { F [ ( t ) . The where S2 is the volume of the system Im P ( q , w ) is the imaginary part of the electronic polarizability; c ( q ) is the w --t 0 limit of the dielectric function c ( q , w ) , which is the relevant limit for this problem.
For the free electron gas, higher-order terms F, with 1 > 2 are known [14] to be quantitatively important, but they do not change the qualitative behaviour. We will ignore such higher-order terms here since they cannot be analysed without a microscopic theory for the MFL Equation ( 3) provides a suitable starting point for comparing the behaviour of an FL with that of the MFL hypothesis, since the latter is formulated directly in terms of the polarizability P, where N F is the density of states at the Fermi level, and where wc is a frequency cut-off which is of the order of a few hundred meV (a few thousand Kelvin; we take both h and IC, equal to 1).
It has already been noted by Zhang er a1 [3] that there are conceptual difficulties with this ansa&: it does not satisfy the usual f-sum rule [SI. This problem cannot be remedied by including a q-dependent function on the right-hand side. These conceptual difficulties have, however, also practical implications, in that they make it difficult to estimate the magnitude of the x-ray edge effect or of the temperature dependence of the hopping. As we shall see, when equation (4) is taken at face value, one h led to expect a measurable temperature dependence of the xPs line shape (in particular a temperature dependent frequency shift), and a strongly suppressed hopping rate [19] . Using equation (4) We stress that this is a very rough estimate, as it is based on various rather crude approximations; the interaction parameter will depend strongly on the closeness of the relevant site to the copper oxide planes in a high-T, superconductor, and can be different for the hopping and the x-ray problem. In particular, it seems likely to us that equation (4) overestimates the polarizability considerably for short wavelength (note that Im PFL decreases as q-') ; thus we think our expression overestimates KmL. Moreover, any effects of anisotropy, which should be quite important for the cuprates, have been ignored. We finally note that Zhang et a1 [3] used ICMFL = 15 K, without justifying this particular choice.
Comparison of FZn and FY"
The integral in equation (6) for an FL with a sharp cut-off can be done [9] but for our numerical studies we choose to evaluate this integral with a smooth cut-off, of the same form as the high-frequency cut-off in the MFL expression and that the imaginary part contains an infinite sum of contributions of the poles -2 n~T i . These become small for large n, and we can sum them numerically until we obtain the desired precision.
The above result agrees with that of Zhang er nl for small t, but their expression is wrong for large t. In particular, their logarithmic correction is absent; this does not affect the results significantly, however. Note that, as Zhang er a[ already stressed, Re 4% is temperature inde endent and decreases linearly for large times. In an it decreases logarithmically for long times; for finite temperature, the asymptotic behaviour is -K m~W .
To obtain the asymptotic behaviour or Im FyFL, we note that by using the fact With a smooth cut-off, the numerical constant 1.13 is replaced by another constant of order unity.
The behaviour of Im FyFL as a function of time is illustrated in figure 1 for several temperatures and KMn = 15 I C We see that the asymptotic value, equation (13), is approached smoothly, the approach being slower at lower temperatures. This is a result of the fact that the t = M value diverges as T-l, while the initial slope diverges only logarithmically.
Consequences for Ah(w)
Before presenting the results for the MFL case, let us recall the essential features of the spectral density in the case of an ordinary n, obtained numerically from equation (2) in the approximation p = eFzwCr). At temperature T = 0, the asymptotic Int dependence of R e F P gives rise to the well known w-(l-KPL) divergence of the spectrum for positive w , while A b ( w ) = 0 for w < 0. As illustrated in figure 2, for finite temperatures the line shape starts to broaden and to become less asymmetric (since w is given in units of 'temperature', figure 2 illustrates that the width of the spectrum for w < 0 is of order T). At the same time, there is a small shift in the position of the peak with increasing temperature, and the peak height drops. Since the shift of the peak is small, and since the small-w behaviour is determined by the asymptotic behaviour of FZm, we can use the results Re 
A F ( w ) =z
From this result, the position and width of the peak for small T immediately follow (e.g., for KFL = 1 it is easy to see that w, , = TT, and that the width goes as l / T ) .
In figure 3 , we compare the values of wmaX obtained from the numerical spectra with this approximation for IC" = 0.3. Thus, for an n, when T decreases, the asymmetric peak becomes narrower, and its position shifts towards zero frequency, while its height increases. The largebehaviour always remains a power law 1211. For a more detailed discussion of the temperature dependence of the x-ray edge effect in an n, we refer to Ohtaka and 'hnabe [U].
We now turn to the spectral density in the case of an MFL In figures 4 and 5, we plot the spectral density for this case for two values of KMFL, KmL = 15 and KMFL = 400 (in K). These figures illustrate that the core hole spectra do indeed behave quite differently from that of the FL case: the broadening of the profile with temperature is quite weak; instead, the most salient feature is the shift of the profile This expression is only accurate for small ICMpL and large T: the first condition is necessary to ensure that Ip(r)l is not too small in the large-time asymptotic regime, and the second condition is necessary to ensure that Im Fpn reaches its asymptotic behaviour relatively quickly, compare figure 1.
In figure 3 we also show data of wmu for the MFL spectra obtained numerically, with K M n = 15 K. The solid line is the result obtained for w, , from equation (17); as expected, this approximation is accurate for large T, but break down at small T.
The following approximation helps to understand the physics underlying the above behaviour of AYFL(w). In the limit of small T, ImFpFL crosses over so slowly to its asymptotic behaviour that we can actually use the approximation ImF2MpL(t) zz dIm FMn(i)/dt[,t from equation (15) throughout most of the the regime where Re FpF 2 has already reached its asymptotic behaviour.
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This approximation becomes better the larger ICMn is, provided it is still smaller than wc, and holds for w close to the peak value [22] . According to equation (lS), the peak value wmM has a logarithmic temperature dependence for small T. This due to the fact that the effective mass of an MFL diverges as I n T as T -P 0 (the data in figure 5 for small T are consistent with this result).
In practice, the detailed spectrum A b ( w ) cannot be measured in XPS, as a result of the broadening caused by the finite lifetime of the core hole. This broadening can be of the order of an eV As pointed out by Doniach and SunjiC [lo] the x-ray edge effect in an n gives rise to an asymmetric line shape. In principle, the asymmetry is slightly temperature dependent, but often thermal broadening from phonons gives a bigger temperature dependence [ll] . Our results above show that the line shape in an hi m should be less asymmetric, but that there should be a temperature dependent sh@ of the l i e as a whole if ICMFL is large enough. Since XPS experiments can be done with meV accuracy, our very crude estimate ICMn x loo0 K (= 80 mev), together with the result U,,, = ICMFLln(1.13 w,/T) obtained from (18) indicate that this result should be measurable in principle. In the cuprate superconductors, the main experimental challenge may be to find a suitable core level that interacts sufficiently strongly with the conduction electrons in the copper oxide planes. 
(19)
The analogous expression given by Zhang ef a t , although not quite right, gives the same qualitative behaviour. Combination with equation (18) of the hopping rate vMPL with decreasing temperature does depend on KMFL, the suppression being larger the larger KMFL is. This is illustrated in figure 6 for two relatively small values of ICMn. Since quantum effects of the type considered here can only be studied experimentally at rather low temperatures (less than 50 K, say), we see that in order to observe the sharp decrease in the hopping rate as a function of temperature, ICMn should not be too large (of course, it also requires a material that exhibits MFL behaviour down to very low temperatures). The above analysis corresponds to the ideal case. It is well known that if there are impurities, there is a distribution of levels, and one has to average A ( w ) over a region around zero frequency to obtain the hopping rate [I21 (this may be particularly relevant for the high-Tc materials). As figure 2 shows, in the FL case, there is a frequency range in the spectrum where the values for a low temperature are higher than at a high temperature, but further away from zero frequency it is the other way around. Averaging therefore leads to a flattening of the curve for the hopping rate, especially at low temperatures, where the peaks are narrow. In the MFL case, we have seen in figure 4 that the value in zero decreases upon lowering the temperature, but also that for intermediate temperatures the peak remains nearby and that its height remains roughly the same. Averaging over frequencies near zero therefore leads to a flattening at larger temperatures and a shift of the crossover region to smaller temperatures. The difference between FL and MFL is thus less pronounced than in the ideal case. In figure 6 , the dotted curves are the result of averaging our numerically obtained spectra over a region Aw = 10 K.
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Conclusion
In this paper we have compared the difference between the effem of interaction with an FL and an MFL on the hopping rate of a particle and on the X P S spectrum of a deep core hole. As we have seen, in the case of coupling to an MFL, the increasing effective m a s of the MFL (or the fact that the quasi-particle spectral weight vanishes as T -+ 0) causes a decrease of the hopping rate with decreasing temperature, instead of the usual increase. Only when the coupling strength is relatively weak do we expect the characteristic crossover to occur in a temperature regime where in earlier experiments in normal metals the quantum effects have turned out to be measurable. In addition, we expect two other effects to adversely affect the experimental testability of the predicted decrease in the hopping rate in high-T, superconductors. First of all, it will be difficult to disentangle such a decrease from the usual classical activated behaviour (o( e-EIkT) of the diffusion coefficient. Moreover, in high-?; superconductors with their complicated unit cell, the effect might easily be washed out to a large degree by the hopping of the particle between several non-equivalent sites, at some of which the coupling to the conduction electrons in the CuO planes will be small.
The main feature of the XPS spectrum of a deep core hole interacting with an MFL is found to be a temperature dependent shift of the position of the peak. This effect in principle offers better opportunities for experimental tests. For, in a photoemission experiment the core level of a given atom at a fixed site in the unit cell can be measured. Furthermore, the meV resolution with which the spectra can be measured should allow one to observe this shift provided ICMFL is not much smaller than our rough estimate ICMFL m 75 meV (cf. equation (10)). We hope our findings will stimulate the experimental search for this effect in photoemission experiments. [22 ] We note that formally the spectrum AFn(w) talk off as n Gaussian for frequencies Iw-w-1 > ws, due 10 Ihe fact that Re FYn goes as tZ for limes t < U;'. Of mume, this behaviour is just an artifact of the unrealistic behaviour of Imp*(,)
for w > wc.
